ABSTRACT. An exponential sum is defined by G(F, v, ct)= X exp(277i(VP(r) + <a, r))) ye(Z/qZ)n for ¥> = a/q € Q, a £ R", and a positive-definite form F(x) in n variables of degree §. Its value is studied and the definition is extended to an irrational V.
A zeta function associated
with the positive-definite forms was studied in [l] , [2] . Its residue at the only possible simple pole is given in an explicit form which is closely related to the exponential sums of certain type.
These sums can also be viewed as a generalization of the Gaussian sum.
2. Let: Z, Q and R be the sets of integers, rationals and reals, respec- The following theorem is proved in [l] .
Theorem. For a £ Q", 4 (E, <fi, a, s) has a meromorphic continuation into the whole s-plane and the residue at its only possible simple pole s = 0"n = 72/5 is Res(<C) = (277)°°r(a0)-1G2(E,^ a) f exp(-27rE(x)) dx.
JRn
We see in this theorem that cl is restricted to have rational coordinates.
The case a £ Rn and <p = 0 was studied in [2] . In this paper we shall obtain the general result. Hence we may use the limit as the definition of the sums Gj and G By the proposition and the corollary, the limit is Gj if qa e Z" and equals to 0 if qa f Zn.
The definition by the limit also allows us to define the sum (we may call it a Gaussian sum) for any <p £ R. We put, if it exists, G(F, <f>, a) = lim^^^ SN(E, <fi, a) for <Pe R and a e Rn. When <P is an irrational number, a theorem on the uniform distribution modulo one for polynomials [3] gives
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Proposition. G(F,<P, a) = 0 if <fi is an irrational number, or a has at least one irrational coordinate.
Thus the only sum whose value is possibly nonzero is Gj(F, <p, a) when ip = a/q and qa £ Z".
4. Finally, we would like to make a conjecture. The zeta function £(F, V, a, s) can also be defined for an irrational <p. Unfortunately, the method we use cannot be applied to any V in order to get the analytic continuation for C(F, <P, a, s). Since the residue of C(F, V, a, s), tor a rational f, is so closely related to G(F,<P, a) and since G(F,<P, a) = 0 for an irrational <fi, it should be a reasonable guess that £(F,V, a, s) would be an entire function for an irrational number <P.
